The indefinite integral
Introduction
Definition 1.1. The generalized hypergeometric function, denoted as p F q , is a special function given by the series [1, 10] p F q (a 1 , a 2 , · · · , a p ; b 1 , b 2 , · · · , b q ; x) = ∞ n=0 (a 1 ) n (a 2 ) n · · · (a p ) n (b 1 ) n (b 2 ) n · · · (b q ) n x n n! ,
where a 1 , a 2 , · · · , a p and ; b 1 , b 2 , · · · , b q are arbitrary constants, (ϑ) n = Γ(ϑ+n)/Γ(ϑ) (Pochhammer's notation [1] ) for any complex ϑ, with (ϑ) 0 = 1, and Γ is the standard gamma function [1, 10] .
The generalized hypergeometric function p F q can be used to represent a large class of functions, from simple functions (e.g. e x , cos(x), sin(x), and so on) to nonelementary functions (e.g. error functions, incomplete gamma function, and many more) [1, 10] . Special functions that include Bessel functions, Legendre polynomials, Hermite polynomials and many others can, as well, be expressed in terms of p F q [1, 0 † the corresponding author. Email address:victornijimbere@gmail.com(V. Nijimbere) 1 School of Mathematics and Statistics, Carleton University, Ottawa, Ontario, Canada. 10]. A large class of non-elementary integrals (e.g. exponential integral, logarithmic integral, cosine and sine integrals, Dawson's integral, etc) consisting of integrals which cannot be evaluated in terms of elementary functions can also be evaluated in terms of p F q [5] [6] [7] [8] .
Here, the following complex (more general) indefinite integral in which the integrand involves a generalized hypergeometric function p F q x α e ηx β p F q (a 1 , a 2 , · · ·a p ; b 1 , b 2 , · · ·, b q ; λx γ )dx, (1.2) and other related integrals involving hyperbolic and trigonometric functions,
x α cosh ηx β p F q (a 1 , a 2 , · · ·a p ; b 1 , b 2 , · · ·, b q ; λx γ )dx, (1. 3)
x α sinh ηx β p F q (a 1 , a 2 , · · ·a p ; b 1 , b 2 , · · ·, b q ; λx γ )dx, (1.4) x α cos ηx β p F q (a 1 , a 2 , · · ·a p ; b 1 , b 2 , · · ·, b q ; λx γ )dx (1.5) and
x α sin ηx β p F q (a 1 , a 2 , · · ·a p ; b 1 , b 2 , · · ·, b q ; λx γ )dx, (1.6) where α, η, β, λ, γ are real or complex arbitrarily constants are evaluated. To my knowledge, no one has evaluated these integrals before. In the present paper, they are evaluated in terms of infinite series involving the generalized hypergeometric functions. Other interesting integral involving the generalized hypergeometric functions or series can be found, for example, in [3, 4] . The advantage in witting these integrals in terms of series involving the generalized hypergeometric functions p F q is that for entire functions p F q on the complex plane C, the values or the behaviors of p F q as |x| → ∞ may be assessed [1, 10] . In that case, these integrals may find applications in different fields in science and engineering. For instance, if the integrability condition +∞ −∞ |x α e ηx β p F q (a 1 , a 2 , · · ·a p ; b 1 , b 2 , · · ·, b q ; λx γ )|dx < ∞ (1.7)
is satisfied, then a large class of important integrals in applied analysis can be evaluated. For example, the Laplace integral
and the Fourier integral
where u and k are the Laplace variable and the Fourier variable respectively, are among other very interesting applications in both applied analysis and applied sciences.
As an illustrative application of the integral above, the Fourier integral +∞ −∞ e −θ 2 x 2 e ikx dx is evaluated using (1.9) in section 3. This example of application was chosen for simplification purpose because it is already known, and therefore, no further investigations such numerical evaluations are needed for comparison. The solution of the Orr-Sommerfeld equation with the plane Couette flow mean background (see [9] ) which may involve the integrals (1.3) and (1.4) is also revisited. In this study we only consider these two examples, however we note that more very complicated integrals which are beyond the scope of this paper may be evaluated, e.g. the Fourier integral +∞ −∞ e −θ 2 x 4 e ikx dx , the Laplace transform +∞ 0 e −θ 2 x 3 e −ux dx and many more.
Furthermore, using the hyperbolic identities cosh ηx β = e ηx β + e −ηx β /2, sinh ηx β = e ηx β − e −ηx β /2
and Euler's identities
we are able to obtain some interesting equalities involving infinite series in terms of the generalized hypergeometric function p F q . The paper is organized as follows. the indefinite integrals (1.2)-(1.6) are evaluated in section 2. Two examples of applications are presented in section 3. In section 4, a general discussion is given.
Evaluation of the integral
x α e ηx β p F q (a 1 , a 2 , ···a p ; b 1 , b 2 , ·· ·, b q ; λx γ )dx
and the other related integrals
We first prove a lemma which will be used throughout this paper. Proof. We use Pochhammer's notation [1, 10] , see definition 1.1, and the properties of Γ function [1, 10] , Γ(a + 1) = aΓ(a). Then
Proposition 2.1. For any constants α, β, η, λ and γ,
Proof. The substitution u β = ηx β and (1.1) gives
(2.4) Successive integration by parts yield Then,
and this gives (2.3).
2.1. Evaluation of some integrals involving hyperbolic functions and p F q Proposition 2.2. For any constants α, β, η, λ and γ,
Proof. The change of variable u β = ηx β and (1.1) yields
Successive integration by parts gives
(2.10)
Then,
and hence, (2.12) gives (2.8).
Proposition 2.3. For any constants α, β, η, λ and γ,
Proof. Making the change of variable u β = ηx β and using (1.1) yields
(2.15) Using Lemma 2.1 yields
Then, 
Proof. Using the hyperbolic identity cosh ηx β = e ηx β + e −ηx β /2 and Proposition 2.1 yields 
Proof. To prove (2.20), we use the hyperbolic identity sinh ηx β = e ηx β − e −ηx β /2 and Proposition 2.1, and we obtain 
Evaluation of some integrals involving trigonometric functions and p F q
Proposition 2.4. For any constants α, β, η, λ and γ,
(2.24) Proposition 2.5. For any constants α, β, η, λ and γ,
(2.25) Theorem 2.4. For any constants α, β, η, λ and γ,
Proof. Using Euler's identity cos ηx β = e iηx β + e −iηx β /2 and Proposition 2.1 yields
x α cos ηx β p F q (a 1 , · · ·a p ; b 1 , · · ·b q ; λx γ )dx = 1 2
x α e iηx β p F q (a 1 , · · ·a p ; b 1 , · · ·b q ; λx γ )dx + x α e −iηx β p F q (a 1 , · · ·a p ; b 1 , · · ·b q ; λx γ )dx 
Proof. Using Euler's identity sin ηx β = e iηx β − e −iηx β /(2i) and Proposition 2.1 yields
x α sin ηx β p F q (a 1 , · · ·a p ; b 1 , · · ·b q ; λx γ )dx = 1 2i
x α e iηx β p F q (a 1 , · · ·a p ; b 1 , · · ·b q ; λx γ )dx − x α e −iηx β p F q (a 1 , · · ·a p ; b 1 , · · ·b q ; λx γ )dx
Hence, Comparing (2.29) with (2.25) gives (2.28).
Theorem 2.6. For any constants α, β, η, λ and γ, Proof. Using the relation e iηx β = cos ηx β + i sin ηx β and Propositions 2.4 and 2.5 yields using Proposition 2.1, the fundamental theorem of calculus (FTC) and the asymptotic expression of the generalized hypergeometric function p F q for large argument. We first write the function cos(kx) in terms of the hypergeometric function 0 F 1 . To do so, we express the cosine function as a Taylor series, and use the gamma duplication formula [1] 
We have
The variable x and the Fourier variable k can be separated using formula 16.10.1 in [10]. This yields
(θ 1 ) n (θ 2 ) n (x 2 ) n 1 2 n (θ 1 + n) n n! 2 F 2 θ 1 + n, θ 2 + n; θ 3 + 2n + 1,
where θ 1 , θ 2 and θ 3 are free real or complex paramters. Setting θ 1 = n and θ 2 = 1/2, the generalized hypergeometric function 2+j F 2+j in (2.5) can be reduced to the confluent hypergeometric function 1 F 1 .
• For j = 0, we have 2 F 2 n, θ 3 + n; n,
• For j = 1, we have 3 F 3 n, θ 3 + n,
• For j = 2, we have 4 F 4 n, θ 3 + n,
and so on. This gives 2+j F 2+j n, θ 3 + n,
Moreover, 2 F 2 θ 1 + n, θ 2 + n; θ 3 + 2n + 1,
Using Pochhammer' s notation and/or the gamma duplication formula, it is straightforward to obtain that (θ 1 ) n = (n) n = (1/2 √ π)Γ (n + 1/2) and (θ 3 + n) n = Γ(θ 3 + 2n)/Γ(θ 3 + n). Then after rearranging terms, we have
Let us now consider that x is large (|x| ≫ 1). In that case, one can use formula 13.1.5 in [1] and obtain
Substituting (2.9) in (2.8) yields
(3.10)
We now note that if x becomes large (x → ±∞), then all the terms in (2.10) will vanish except the first term corresponding to n = 0. This yields
Next, substituting (3.11) in (2.4), we obtain e −θ 2 x 2 e ikx dx = e −θ 2 x 2 0 F 1 ;
Observe now that
Substituting into (3.12) and rearranging terms yields e −θ 2 x 2 e ikx dx = e −θ 2 x 2 0 F 1 ; where Ai is the Airy function, k is the wavenumber, r ≫ 1 is the space aspect ratio, Re is the Reynolds number, and λ is a parameter that depends on both the wavenumber k and the intrinsic wave frequency. This solution was derived using Green's function methods. An outer solution (see for example [2] ) which is valid for |y| ≫ 1, was obtained as well and is given by equation (68) in [9] . Here, we obtain a solution valid for all y ≥ 0 by evaluating the integrals in (3.18) using Propositions 2.1, 2.2 and 2.3 and write φ(y) in terms of some series involving the hypergeometric function 2 F 3 with well known mathematical properties (e.g. behavior for |y| ≫ 1). In that case we can use the asymptotic expansion for the hypergeometric function 2 F 3 when y goes to infinity (y → +∞), which is given by formula 3.18 in [6] . To do so, the Airy function Ai is first written in terms of the hypergeometric function 0 F 1 . Thus, we have φ(y) ∼ e −rky 
